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We introduce a graph-theoretic condition, called (n, m)-branching, that ensures a combinatorial round
tree with controlled branching parameters can be quasi-isometrically embedded in the Davis complex
of the right-angled Coxeter group defined by the graph. This construction yields a lower bound on the
conformal dimension of the boundary of such a hyperbolic group. We exhibit numerous families of
graphs with this property, including many 1-dimensional spherical buildings. We prove an embedding
result, showing that under mild hypotheses a flag-no-square graph embeds as an induced subgraph
in a flag-no-square triangulation of a closed surface. We use this to embed our branching graphs
into graphs presenting hyperbolic right-angled Coxeter groups with Pontryagin sphere boundary. We
conclude there are examples of such groups with conformal dimension tending to infinity, and hence,
there are infinitely many quasi-isometry classes within this family. We use conformal dimension to
show that the recent work of Lafont-Minemyer-Sorcar-Stover-Wells can be upgraded to conclude
that for every n > 2 there exist infinitely many quasi-isometry classes of hyperbolic right-angled
Coxeter groups that virtually algebraically fiber and have virtual cohomological dimension n.

1 Introduction

The goal of this paper is to exhibit infinitely many quasi-isometry classes within families of right-angled
Coxeter groups that satisfy properties of interest. We define conditions on the presentation graph of the
Coxeter group that imply the group has a desired property, and then we show that the graph conditions
are loose enough to allow rich families of subgraphs, from which we deduce quasi-isometry invariants
via conformal dimension. We focus on the following two properties:

1. Hyperbolic with Pontryagin sphere boundary.

2. Hyperbolic, virtually algebraically fibered, and of any given virtual cohomological dimension.
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To differentiate quasi-isometry types, we analyze the Gromov boundaries of the groups. The homeo-
morphism type of the boundary of a hyperbolic group is a quasi-isometry invariant, but it is too coarse
for our purposes. Metric information refines this invariant: the quasisymmetry homeomorphism type of
the boundary is a complete quasi-isometry invariant. Pansu’s conformal dimension [44] is a powerful
quasisymmetry invariant that reveals the fractal behavior among deformations of a metric space.

In this paper we develop techniques for bounding conformal dimensions of boundaries of hyperbolic
right-angled Coxeter groups. We show that the families described above contain sequences of groups
whose boundary conformal dimensions grow without bound. In particular, this implies that there are
infinitely many quasi-isometry types of groups within the sequence.

1.1 Pontryagin sphere boundaries

Pansu’s original work computed the conformal dimension of the boundaries of the rank-one symmetric
spaces, which are each homeomorphic to the sphere. A primary application of the work in this paper
gives lower bounds on the conformal dimension of Pontryagin sphere boundaries. The Pontryagin sphere
is an inverse limit of surfaces and arises naturally as the boundary of 3-dimensional hyperbolic pseudo-
manifolds, where the link of each point is either the sphere or a higher genus surface. Right-angled Coxeter
groups provide an explicit source of a vast family of groups with Pontryagin sphere boundary; Fischer
[28] proved the boundary of each right-angled Coxeter group defined by a flag-no-square triangulation of
an orientable higher-genus surface is homeomorphic to the Pontryagin sphere.

Theorem (Theorem 5.1). There exists a family of hyperbolic right-angled Coxeter groups W; such that
aW;is the Pontryagin sphere and the conformal dimension of aW; tends to infinity as i — oo. In particular,
there are infinitely many quasi-isometry classes of such groups.

We prove Theorem 5.1 by embedding into our groups certain metric spaces whose boundaries have
known conformal dimension. These spaces, round trees, were introduced by Gromov [31, Section 7.C3] for
this purpose. They have been employed by Bourdon [6] in the setting of right-angled Fuchsian buildings
and by Mackay [39, 40] in the setting of certain small cancellation groups and random groups. Mackay
[40] subsequently developed a combinatorial version of round trees, useful in producing lower bounds
on the conformal dimension of the boundary of hyperbolic and relatively hyperbolic groups [27, 30]. See
[47] for background on this technique.

We introduce a graph theoretic condition, (n, m)-branching (Definition 4.3), that ensures that a combina-
torial round tree with prescribed branching parameters quasi-isometrically embeds in the Davis complex
of the right-angled Coxeter group defined by the graph. Mackay’s bounds then yield:

Theorem (Theorem 4.8). If " is a graph with (n, m)-branching, then the right-angled Coxeter group Wr
is hyperbolic and the conformal dimension of the boundary satisfies:

logn

Confdim@Wr) > 1 + W

In Section 6, we exhibit numerous families of graphs with the (n, m)-branching condition. Examples
naturally arise via Levi incidence graphs of finite incidence structures. In Section 5, we show such
graphs can be embedded as induced subgraphs in flag-no-square triangulations of a surface, which yields
Theorem 5.1.

Field, Gupta, Lyman, and Stark [27, Theorem D] constructed infinitely many quasi-isometry classes of
hyperbolic Coxeter groups with Pontryagin sphere boundary, also using conformal dimension techniques.
However, that construction used specific features of a family of non-right-angled Coxeter groups that are
not adaptable to the right-angled case.
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1.2 Algebraic fibrations

A group algebraically fibers if it surjects onto Z with finitely generated kernel. Algebraic fibrations
are related to fibering of 3-manifolds, the Bieri-Neumann-Strebel invariants, and have recently been
connected to Lz—homology by the work of Kielak [37]. Lafont, Minemyer, Sorcar, Stover, and Wells
[38] recently provided the first examples of high-dimensional right-angled Coxeter groups that virtually
algebraically fiber:

Theorem ([38, Main Theorem]). For every n > 2 there exist infinitely many isomorphism classes of
hyperbolic right-angled Coxeter groups that virtually algebraically fiber and have virtual cohomological
dimension n.

We use a generalization of their construction of examples, but we approach the problem from a
different perspective that allows us to use an additional suite of tools. We establish fibering for a wider
family of examples, with growing conformal dimension but fixed virtual cohomological dimension.

Theorem (Theorem 3.1). For every n > 2 there exist hyperbolic right-angled Coxeter groups W; that
virtually algebraically fiber, have virtual cohomological dimension n, and have Confdim(dW;) — oc. In
particular, there are infinitely many quasi-isometry classes of such groups.

1.3 Further questions

Topological dimension provides a lower bound for conformal dimension. The topological dimension of
the Pontryagin sphere is two, yet this space is a nowhere-planar fractal, so we are very interested in the
following:

Question 1.1. Are there hyperbolic groups T' (perhaps not necessarily right-angled Coxeter) with
Pontryagin sphere boundary whose conformal dimension equals 2? If not, are there examples with
conformal dimension arbitrarily close to 2?

Douba, Lee, Marquis, and Ruffoni [24] recently constructed an example of a hyperbolic right-angled
Coxeter group W with Pontryagin sphere boundary that has a convex cocompact isometric action on H#,
so Confdim(dWr) < 3 [12, Proposition 8.3, Proposition 8.4]. This is the best upper bound of which we are
aware.

In general, establishing upper bounds on conformal dimension is difficult. It would be interesting to
have some local control of this quantity. For example, our construction of branching graphs to produce
high conformal dimension necessarily causes the link topology to explode (see Lemma 4.6). One might
wonder if containing the link topology constrains the conformal dimension of the boundary:

Question 1.2. Does there exist a bound d(g) such that if Wr is a hyperbolic right-angled Coxeter group
whose nerve is a closed surface of genus g, then the conformal dimension of aWr is at most d(g)?

Bourdon and Kleiner obtain upper bounds on conformal dimension via £p-cohomology, but their
conditions for Coxeter groups [8, Corollary 8.1] force the group to not be right-angled and to have 1-
dimensional nerve. In particular, their results do not apply to Question 1.2.

The work of Lafont-Minemyer—Sorcar-Stover-Wells and the examples provided in this paper exhibit
families of high-dimensional hyperbolic groups that virtually algebraically fiber and that fall into infinitely
many quasi-isometry classes. Understanding the homeomorphism type of the boundaries of these groups
would be interesting and lies in the context of the following question.
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Question 1.3. Describe the possible boundaries of hyperbolic groups of virtual conomological dimen-
sion n that virtually algebraically fiber.

2 Preliminaries

Throughout the paper we let N := Z4. The graphs we consider are simplicial, so an edge between distinct
vertices x and y is unambiguously denoted x — y.

2.1 Right-angled Coxeter groups and cell complexes

Definition 2.1. Let I be a finite simplicial graph with vertex set VI" and edge set ET. The right-angled
Coxeter group Wr is the group with presentation:

Wr:=(veVl|v2=1forallveVrI,[v,w]=1ifand onlyifv —w e £T")

A right-angled Coxeter group Wr acts properly and cocompactly by isometries on its associated Davis
complex Xr. The Davis complex is a CAT(0) cube complex whose 1-skeleton is the Cayley graph for Wr,
with bigons coming from the relations v2 = 1 collapsed. Via the identification with the Cayley graph, we
consider edges in the Davis complex to be labeled by generators of the group, or, equivalently, by vertices
of I'. If T" has no triangles, then the link of every vertex in the Davis complex is isomorphic to I'. We refer
the reader to [14, 20] for background.

Definition 2.2. Let L be a finite simplicial complex.

1. Asubcomplex L’ C Lis induced or full if whenever a simplex in L has vertex set in L', the simplex
itselfisin L.

2. Lisflag if any collection of pairwise adjacent vertices spans a simplex.

3. Lisflag-no-square if L is flag and has no induced 4-cycles.

We utilize the following well-known properties.

Lemma 2.3. Let I be a finite simplicial graph.

1. The right-angled Coxeter group Wr is hyperbolic if and only if T has no induced squares. [42]
2. LetI” c T be aninduced subgraph. Then Wy is isomorphic to a subgroup of Wi whose Davis
complex Xp is isomorphic to a convex subcomplex of Xr. [20, Section 4.1]

Notation 2.4. The cell complexes in this paper have cells that are convex polytopes, either simplices or
cubes. Every vertex in these two types of polytope has link a simplex. If X is the cell complex and x is a
vertex of X then the /ink Lk(x) of x is the simplicial complex obtained from the links of x in each closed
cell properly containing it. We let Lk4 (x) denote the link of a vertex x € A C X restricted to a subcomplex
ACX.IFA C Ais a subcomplex of a polygonal complex A, then the star of A’ in A, denoted St(4'), is the
union of all closed cells in A that nontrivially intersect A'.

When X is a simplicial graph there is a canonical bijection between edges containing x and neighbors
of x, so we also use Lk(x) to denote the set of neighbors of x and St(x) to be LK(x) U {x}.
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2.2 Boundaries and conformal dimension

Definition 2.5. Let X be a proper geodesic metric space. The visual boundary of X is denoted aX and
consists of all equivalence classes of geodesic rays, where two rays y,y’: [0,00) — X are equivalent if
there exists a constant C such that d(y(t), y'()) < C for all t € [0, 00).

If X is a 8-hyperbolic proper geodesic metric space, then there is a family of metrics on 3X, called visual
metrics, that induce a natural topology on 8X. See [9] for background.

Definition 2.6. Let (Z,d) and (Z/,d") be metric spaces. Ahomeomorphismf: Z — 7' is a quasisymmetry
if there exists a homeomorphism ¢: [0, 00) — [0, 00) such that for distinct x,y,z € Z:

dfeofy) _ (d(x,y))
d(fe.f@) ~ \dx2)

The spaces (Z,d) and (Z, d") are quasisymmetric if there exists a quasisymmetry f: Z — Z'.

Theorem 2.7 ([7], Theorem 1.6.4; [10], Theorem 5.2.17). Let X and X’ be proper geodesic §-hyperbolic
metric spaces, and let (3X, dy) and (8X’, dy) denote their visual boundaries equipped with visual metrics.
A quasi-isometry f: X — X’ extends to a quasisymmetry df : (39X, dq) = (3X’, dy).

The theorem above implies that the quasisymmetry class of the boundary of a proper geodesic §-
hyperbolic space equipped with a visual metric is a quasi-isometry invariant of the §-hyperbolic space.
This result yields the following quasisymmetry invariant introduced by Pansu [44].

Definition 2.8. Let (Z,d) be a metric space. The conformal dimension of Z is the infimal Hausdorff
dimension of any metric space (Z/, d") quasisymmetric to (Z, d).

See Mackay and Tyson [41] for additional background on conformal dimension. Note that the conformal
dimension of the boundary of a hyperbolic group equipped with a visual metric is finite, see [41, Theorem
3.4.4].

2.3 Pontryagin spheres

The Pontryagin sphere is, roughly speaking, constructed by starting with a closed orientable surface and
repeatedly replacing the interior of an embedded disk with a once punctured torus. In particular, it is an
inverse limit of surfaces, where the maps between surfaces can be realized as collapsing disjoint handles
to disks. More formally, we will use the following equivalent description of Daverman and Thickstun [18].
Here a figure-eight is a space homeomorphic to the wedge of two circles.

Definition 2.9. Suppose P is a compact, connected, locally path-connected, separable, and metrizable
space. Then P is a Pontryagin sphere if there exists a countable family £ of pairwise-disjoint figure-eights
in P such that £ is null and dense in P and, for any cofinite subfamily D of £, the image of P under the
decomposition map P — P/D is a closed orientable surface.

Jakobsche [35] showed that the Pontryagin sphere is homogeneous and unique up to homeomorphism.
Fischer [28] showed that if L is a flag triangulation of a closed, orientable surface of genus > 1, then
the visual boundary of the associated Davis complex is homeomorphic to P. Swi@tkowski [50] proved
the same statement for the visual boundaries of the universal covers of locally CAT(—1) 3-dimensional
pseudo-manifolds (that are not manifolds).
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3 Conformal dimension and virtual algebraic fibering

The aim of this section is to prove an enhancement of a result of Lafont, Minemyer, Sorcar, Stover,
and Wells (LMSSW) on virtual fibering of right-angled Coxeter groups [38, Main Theorem]. We are able
to quasi-isometrically embed Bourdon’s right-angled Fuchsian buildings in a family of examples, and
hence we can use his conformal dimension computations in this case. In later sections, we will prove
lower bounds on conformal dimension for examples which do not necessarily contain quasi-isometrically
embedded right-angled buildings.

Theorem 3.1. For every n > 2 there exist infinitely many quasi-isometry classes of hyperbolic right-
angled Coxeter groups that virtually algebraically fiber and have virtual cohomological dimension n.

Proof. Osajda[43]used a“thickening” operation that takes as input a finite cube complex X and outputs
aflag simplicial complex Th' (X) with the same vertex set, such that two vertices are joined by an edge if
and only if they are contained in a common cube of X. LMSSW [38] generalized this operation by taking
as input a finite cube complex X together with a multiplicity function w: VX — N and outputting the
simplicial complex Th*(X) whose vertex setis {(v, 1),..., (v, n(v)) | v € VX}, with a simplex defined by a
set of vertices whenever their first coordinates belong to a common cube in X. Observe that Th' %) is
precisely Th*(X) for u = 1. We use Th" when w = N.Itis shown in [38] that if X is 5-large, then so is
Th* (X).

A sequence of spaces is constructed by taking X7 to be, say, a pentagon and, given Xp, choosing a u, and
taking Gpy1 := Wrpen () and Xp,q to be a quotient of the Davis complex Ty x,) by a suitably chosen
torsion-free finite-index subgroup of G, 1. Then repeat. The persistence of 5-largeness implies that the
G are one-ended hyperbolic groups. LMSSW choose their u, carefully, depending on the geometry of
Xpn, for purposes to be mentioned shortly, and compute vcd(Gp) = n.

We observe that for any X and u, one can view Wy, as a graph product of finite groups with
underlying graph Th' (X) and so that the vertex group for v € VTh' (X) = VX is (Z/2)*™_ It follows that
Wrpexy Is a lattice in the automorphism group of a building ®*(X) whose underlying Coxeter group
is Wiyt o0 [19, Theorem 5.1], and whose thickness is at least 2™ The main result of [21] implies
the vcd of a lattice in the building is the same as that of the underlying Coxeter group. Therefore,
ved (W x)) = ved(Weys o) independent of . Since LMSSW computed ved(Wrpsn ) = n + 1, we
conclude ved (Wrpe ) = vcd(WThw (Xn)) = vcd(Wrpen ) = n+ 1, independent of s.

LMSSW deduce the existence of virtual algebraic fiberings by choosing u, carefully at each step and
playing the Jankiewicz—Norin-Wise game [36]. We want to vary u, so this likely will not work for us.
Instead, we use a theorem of Kielak combined with a computation of the first L2-Betti number of graph
products of large finite groups.

Davis-Dymara—Januszkiewicz-Okun [22] compute the L2-cohomology of a lattice T in a building ®
in terms of a weighted L2-cohomology theory of the underlying Coxeter group. For large weights
(depending on the radius of convergence of the growth series of W), the weighted L2-cohomology of the
Davis complex © can essentially be identified with the cohomology of compact support H(X), hence
with the group cohomology H*(W,RW), see [20, Theorem 20.7.6]. In particular, if the thickness of the
building is sufficiently large, and H™ (W, RW) = 0, then the m'" [2-cohomology of the lattice vanishes.
Davis computed H*(W, RW) for arbitrary finitely generated Coxeter groups:

H* W, RW) = @ ZWr ® H~' (L - o7, R)
TeS

where o7 is the simplex of the link L of W corresponding to the spherical subset T. In particular,
H'(W,RW) = 0 if and only if L is not separated by a simplex (which is equivalent to W being one-ended).
Therefore, bﬁz)(W) = 0 if the building is sufficiently thick and W is one-ended. In [38, Corollary 4.4],
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it is shown that being one-ended is preserved under the Osajda procedure and thickening, so we can
assume this as well. Now, since W is virtually RFRS, we can use the following theorem of Kielak to show
these groups virtually algebraically fiber for large enough thickness: |

Theorem. (Kielak's fibering theorem [37, Theorem 5.3]) Suppose that G is a virtually RFRS group and
bﬁz)(G) = 0. Then G has a finite-index subgroup H that algebraically fibers.

Thus for each n, whenever min(u) is sufficiently large, Wy x,, virtually algebraically fibers.

It remains to show that for fixed n there are infinitely many quasi-isometry types of groups Wrps x,
with min(x) bounded below. A well-known result in graph theory [23] implies that a non-complete graph
with no separating clique contains a full cycle of length ¢ > 4. Since X, is 5-large and defines a one-ended
Coxeter group, its 1-skeleton contains a full cycle of length ¢ > 5. Therefore, W, v & contains a special
subgroup that is a graph product defined on a cycle of length ¢ > 5 with vertex groups (Z/2)". Such a
group is a lattice in a Bourdon building [5, 11], and for fixed ¢ the conformal dimension of the boundary
of the building goes to infinity with N. Since special subgroups are convex, this gives a lower bound on
the conformal dimension of the boundary of WThN(Xn) that increases to co with N. Thus, for fixed n and
variable N, there are infinitely many quasi-isometry classes of group Wy, v &’ all of which have virtual
cohomological dimension n + 1, and all of which virtually algebraically fiber once N is large enough.

4 Building round trees in a Davis complex

The idea of a round tree is to take a rooted regular tree T with basepoint xo and rotate the tree about xg
to construct a space that is topologically (T x S)/(xo x S!). Metrically, one fixes a parameter « < 0 and
asks that for each geodesic ray « in T based at x, the “sheet” (« x S')/(xp x S') is isometric to the plane of
constant curvature «. If a round tree quasi-isometrically embeds in a hyperbolic space, then lower bounds
for the conformal dimension of the boundary of the space follow from data of the round tree. Actually,
similar estimates can be done with only a sector of a round tree, and the regularity and non-positive
curvature conditions can be combinatorialized. We follow Mackay [39, 40] in describing such an object
as a “combinatorial round tree.”

4.1 Combinatorial round trees

Definition 4.1 (Combinatorial round tree). [40, Definition 7.1] A polygonal 2-complex A is a combina-
torial round tree with vertical branching V e N and horizontal branching at most H € N if the following
holds. Let T = {1,2,...,V}. The space A can be described either as an increasing nested union of finite
sub-(round tree) subcomplexes An, the round tree at step n, or as a union of sheets Fy:

A= |J A= FR

neNu{0} teTN

In addition, the following hold:

1. Apis homeomorphic to a disk.

2. Ahas a basepoint xg contained in the boundary of Ay and not contained in the closure of A, \ Ag
foranyneN.

3. Each sheet F¢ is an infinite planar 2-complex homeomorphic to a half-plane whose boundary is
the union of two rays Lg and Re with Lg N Re = {Xo}.

920z AInF Lz uo 1s8nB Aq 1916228/ 1 Beul/iL/9Z0Z/al0ne/uIWl/Wod dno-olWepese//:SdRy Wolj pepeojumoq



8 | International Mathematics Research Notices, 2026, Vol. 2026, Issue 14

Fig. 1. An illustration of the (3, 6)-branching condition. The condition ensures that certain subgraphs, drawn
with thickened edges, can be extended to contain induced 6-cycles that intersect only in the original thickened
subgraph.

4. For each n e N, the round tree at step n satisfies A, = St(A,_1). Given t = (t1,t,...) € TY, let

th=(t1,....ty) e T".If t, ' e TN satisfy t, = t,, and ty1 # t’nH,then:

AnﬂthFt/ﬂthAn_H ﬂFt

5. Each 2-cell P € Ay meets at most VH 2-cells in App1 \ An.

Compared to the round tree, the set TN plays the role of the tree. The sheet Fy corresponding to t € TN
will, in practice, be quasi-isometric to a sector in the hyperbolic plane. The A, are concentric balls about
Ay in the face metric. For t and t’ that agree up to coordinate n and differ at coordinate n + 1, the sheets
Fr and Fyp agree in Ap and diverge by the time they leave A, 1. Our Construction 4.9 will not use the full
flexibility allowed by (4); we will have that Ap1 \ An is @ union of distinct width-1 strips, so Fr and Fy
diverge immediately upon leaving Aj.

Ift=(t1,...,t;) € T and t1,1 € T we write (¢, ;1) to mean (ty, ..., t;, tiyq1) € T+

A combinatorial round tree can be described inductively, as explained by Mackay [40]. For each n € N
the complex Ap = [Jgern De, Where Dy := Ap N Fe and Fy is the common intersection of all F; such that ¢ is
a prefix of £ e TN. Fach Dy is a planar 2-complex homeomorphic to a disk, and these are glued together
along their initial subcomplexes in a branching fashion. The boundary of D¢ decomposes as a union of
three paths L¢, Ry, and Eg, where for any ¢ e TN with prefix ¢t we have L¢ := L NAp and R¢ := Rz NAp. The
complex Apy1 is built from Ay, by taking each t of length n and attaching 2-cells in V-many strips along the
outer boundary path E¢ of D¢. The union of D¢ with each one of these strips form the new disks D), for
(t,t') € T"1. Each 2-cell in Dy meets at most H-many new 2-cells in each D).

Theorem 4.2. [40, Theorem 7.2] Let X be a hyperbolic polygonal 2-complex, and let A be a combinatorial
round tree with vertical branching V > 2 and horizontal branching H > 2. Suppose that A1), with the
natural length metric giving each edge length one, quasi-isometrically embeds into X. Then:

logV

Confdim(aX) > 1 + TogH

4.2 Conditions on the defining graph

We specify a local condition, (n, m)-branching, on the presentation graph I" of a right-angled Coxeter group
Wr, which ensures that a combinatorial round tree, with vertical and horizontal branching parameters
depending on n and m, respectively, can be constructed in the Davis complex for Wr. The condition
guarantees that the links in the Davis complex contain enough m-cycles with small overlap so that pieces
of a quasi-isometrically embedded hyperbolic plane can be constructed from squares in the complex. See
Figure 1 and Figure 2.
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=

Fig. 2. The initial steps of the round tree construction with (2, 6)-branching. The initial subcomplex Ay consists
of two squares incident to the marked vertex. The outer edge path is drawn in blue. At the first blue edge we
attach two new squares, colored red and green. At the first interior vertex of the blue path we add four more
red squares such that the five red squares plus the square from Ay make a 6-cycle of squares. Similarly add
four more green squares to make a second 6-cycle of squares sharing only the Ay square with the red cycle.
The (2, 6)-branching condition makes these choices possible. Continue along the blue path, extending the red
and green “strips” using the branching condition at each successive interior vertex of the blue path.

Definition 4.3. For n > 1 and m > 5, a finite simplicial graph ' has (n, m)-branching if every vertex
has valence at least n + 1 and for every induced path P of length 1 or 2 with endpoints v and v, the
following conditions are satisfied. For every set {uy, ..., up} of distinct vertices in Lk(u) \ P there exists a
set {vy,...,vp} of distinct vertices in Lk(v) \ P and cycle subgraphs H; such that for all / # j:

* S5=IHl=m

* H;contains {u;,v;} UP.

* HiN H/' =P

* |J;Hiisaninduced subgraph of T.

We first derive some basic consequences of this definition and use them to show that a right-angled
Coxeter group whose presentation graph has (n, m)-branching is hyperbolic and to deduce the topological
type of its boundary. Then we estimate the conformal dimension of the boundary. Note that (n, m)-
branching implies (n/, m’)-branching for any n’ < nand m’ > m.

Lemma 4.4. A graph with (1, m)-branching has girth at least 5.

Proof. Suppose u, v, and w are vertices of a triangle. Take uq = w, which is a neighbor of u distinct
from v. Since uq is adjacent to v, the triangle itself is the only induced cycle containing the segment
u1 — u — v, but the branching condition requires there is such a cycle of length at least 5. Thus, the
girth is greater than 3.

Suppose u, w, v, x are sequential vertices of a square. Since the girth is greater than 3, u —w — vis an
induced segment of length 2. Take uq := x. Since vy is adjacent to v, the square itself is the only induced
cycle containing u1 — u — w — v, but the branching condition requires such a cycle of length at least
5. Thus, the girth is greater than 4. |

A triangle-free graph is inseparable if it is connected, has no separating complete subgraph, no cut pair,
and no separating complete subgraph suspension.

Lemma 4.5. A connected graph with (2, m)-branching is inseparable.

Proof. Suppose I is a connected graph with (2, m)-branching. Then, T is triangle-free by Lemma 4.4.
Thus, it suffices to verify that T' has no cut points, cut edges, cut pairs, or cut paths of length two.

Since T' is not complete it has cut sets. Since it is connected, if w is a vertex belonging to a minimal cut
set C, then every component of I' \ C contains a neighbor of w, because otherwise we could remove w
from C and get a smaller cut set. For any such choice of C and w, let u and v be neighbors of w that are
in different components of I \ C. The (2, m)-branching condition implies there are two cycles y and y’
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whose intersection is the segment v — w — v and whose union is an induced subgraph. As C separates
u and v, it must contain at least w, a vertex x from y \ {u,v,w}, and a vertex y from y’ \ {u, v, w}. Since
y Uy’ isinduced, {w, x,y} is an anticlique. Thus, any minimal cut set of I contains a 3-anticlique.

Let C be the collection of full subgraphs of T" consisting of single vertices, pairs of nonadjacent vertices,
single edges, and 2-paths. Inseparability is equivalent to C not containing a cut set. If C contains a cut
set then it contains a minimal cut set, since C is closed under passing to nonempty full subgraphs.
But C cannot contain a minimal cut set, since none of the sets in C contain a 3-anticlique as a full
subgraph. |

Lemma 4.6. The minimum genus of an orientable surface into which a graph with (n, m)-branching
embeds is bounded below by a superlinear function of n that is positive for n > 3. In particular, a graph
with (3, m)-branching is nonplanar.

The 1-skeleton of the dodecahedron is an example of a planar graph with (2, 9)-branching.

Proof. Suppose I has (n, m)-branching and is embedded into an orientable surface ¥ of minimal genus
g. Minimality implies complementary components of £ \ I are homeomorphic to disks, so if we call the
number of such regions F and let £ and V be the number of edges and vertices of T, respectively, then
2-29g=V—E+F.

By Lemma 4.4, T has girth at least 5, so 5F < 2E. The definition of (n, m)-branching requires I to have
valence at leastn+ 1, so (n + 1)V < 2E. Therefore:

S g 3n—-7
9= 00+
This is enough to conclude nonplanarity when n > 3. To see g € 2(n?), observe that since T has valence
2
atleast n+ 1 and girth at least 5, it has at least (n + 1) + (n + Hn + % edges. |

Proposition 4.7. If " is a graph with (1, m)-branching, then Wr is hyperbolic. If I" is connected and has
(2,m)-branching then aWr is either the Sierpinski carpet or the Menger curve, according to whether T
is planar or not. If " is connected with (3, m)-branching, then aWr is the Menger curve.

Proof. The graph T has girth at least 5 by Lemma 4.4, so T is triangle-free and Wr is hyperbolic by
Lemma 2.3. If T" is connected with (2, m)-branching then T is inseparable by Lemma 4.5. Thus, planarity
of I' determines whether aWr is the Sierpinski carpet or the Menger curve by [15, Corollary 1.7] and
related works [13, 16, 17, 49]. The boundary is homeomorphic to the Menger curve if T is connected
and has (3, m)-branching, since Lemma 4.6 forces nonplanarity. |

Now we turn to the main objective of this section:

Theorem 4.8. If " is a graph with (n, m)-branching then Wr is hyperbolic and satisfies:

. logn
Confdim@Wr) > 1 + W

Theorem 4.8 is established by applying Theorem 4.2 to the output of Construction 4.9 below. This
construction is inspired by the work of Mackay [39]; see also [27].

Construction 4.9 (Combinatorial round tree in Davis complex). Suppose I is a graph with (n,m)-
branching. We recursively construct a combinatorial round tree A that is a convex subcomplex of the
Davis complex Xr of Wr with vertical branching n and horizontal branching at most 3m — 7.
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Pick a base vertex xq in Xr and an induced edge path P in its link Lk(xg). This corresponds to a chain of
squares Ag C Xp containing Xp, such that LKs, (xo) = P. The fact that P is induced implies Ag is convex
[32, Lemma 2.11]. For illustrative purposes, in Figure 2 we chose P of length 2, but any choice between
1 and girth(I") — 2 would have been possible.

Label one boundary edge of Ag incident to xg by Lo, and label the other boundary edge of Ag incident to
Xo by Ro. The outer edge path £q of Ag is the rest of the boundary; it is the edge path that is the closure
of 3Ag \ (Lo URp). See Figure 2.

letT={1,...,n}, and let 70 = QO), D() = Ao, L() =1Ly and E() = Ep.

Start with t = (). We are going to build n-many distinct strips attached along E¢. Suppose £t =

Yo — -+ — Yry1 With yo € L¢ and yry1 € Re. The link Lkp, (o) is a single edge u — v. Suppose the
edge yp — y; is labeled v, and the edge of L¢ incident to yy is labeled u. As the valence of each vertex of
T is at least n + 1, there exists a set of distinct vertices {v;,...,vn} C Lkr(v) \ {u}. Correspondingly, for

eachi e T, thereis a square in Xr containing yp — y1 whose sides are labeled v and v;. Define these to be
the respective first squares of the n-many new strips. The links of yg and y4 in the subcomplex obtained
by attaching these squares are trees of diameter 2 or 3, so they are induced subgraphs of ", which has
girth at least 5. Thus, the new subcomplex remains locally convex, hence, convex [32, Lemma 2.11]. For
eachie T, let L, be the union of L¢ and the edge labeled v; at yg.

Now continue along the outer edge path £¢ extending each of the n-many strips as depicted in Figure 2.
Suppose the construction has progressed to vertex y, € E¢. Let u be the label of the edge yx_1 — yk,
and let u; be the label such that the last square of strip / is labeled by v and u;. If k = r + 1 we are
done extending the strips; define R, to be the union of Re and the edge labeled v; incident to yy 1.
Otherwise, extend the strips at y, in one of two possible ways according to whether LKkp, (vx) is a single
edge or a 2-path.

1. If Lkp, (yx) is a single edge u — v then v is the label of edge yx — yx41 of E¢. Definition 4.3
implies that given {uq,...,un} as above there are distinct {v4,...,vs} € LKkr(v) \ {u} and cycles
H; intersecting exactly in u — v whose union is an induced subgraph. Cycle H; implies there is
a cycle of squares at yj that contains the square of D¢ containing y, and the last square of strip
i. The fact that U;H, is induced in T implies after adding all of these new squares to the n-many
strips, the subcomplex remains locally convex, hence, convex.

2. IfLKp,(yx) is an induced segment u — w — v then y, belongs to two squares of D¢: edge yy_1 — y
of E¢ is labeled u and is contained in a square of D¢ with sides labeled v and w, and edge yx — Y11
of E¢ is labeled v and is contained in a square of D¢ with sides labeled w and v, and sharing a side
labeled w with the other square. There is an induced path u —w — v in T'. Proceed just as in the
previous case using cycles containing u —w —v.

In this way we construct n distinct strips S, 1), - - ., Se.n), €ach homeomorphic to a disk, each intersecting
the previous subcomplex only in E¢, and, by construction, such that the new outer boundary £, of strip
S,y has the property that the link of the first vertex is an edge, and the link of each subsequent vertex
is either an edge or an induced path of length 2. Let D¢,y := D¢ U Sz,

The description thus far applies to all values of t. When t = (), let Ay := Ao U Uq<j<y Se,p- The outer
boundary of Ay is n-many disjoint arcs £¢ for t e T', and LKp, (v) is an induced path of length one or two
for each t and each v € £¢ (and always of length one for the first vertex of £¢).

Repeat this construction inductively: having constructed A; whose outer boundary consists of disjoint
arcs E¢ for t e T/=1, use the above procedure to build n new strips S, attached along £¢ and take
Dty =Dt U Sty and Ajr =AU U <j<p Sce-

We have constructed A = |JA; that is a combinatorial round tree with vertical branching n. To see the
horizontal branching is 3m — 7, consider a square Q in A; that intersects an outer edge path E¢. By
construction, QN Eg is a segment of length either 1 or 2. If QN E¢ is a single edge then each of its vertices
has link in D¢ either a single edge, if it is on the boundary of E¢, or 2 edges, otherwise, so it meets either
1 or at most m — 2 squares from each new strip, respectively. The two vertices of QN E¢ have one square
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(a) Absolute (b) Relative

Fig. 3. The replacement simplices for the absolute and relative subdivisions.

in each strip that is a common acquaintance, so Q meets at most 2m — 5 squares from each new strip.
If Q N E¢ has length 2, the middle vertex of this segment meets at most m — 1 squares from each new
strip and the others meet at most m — 2. There are two squares that were double counted, so Q meets
at most 3m — 7 new squares from each new strip.

5 Pontryagin sphere boundaries

Theorem 5.1. There exists a family of hyperbolic right-angled Coxeter groups W; with Pontryagin
sphere boundary and with conformal dimension tending to infinity as i — oo.

To prove the theorem we use a relative version of a construction of Dranishnikov [25].

Lemma 5.2. Suppose that L is a flag-no-square subcomplex of a 2-dimensional simplicial complex X.
Then there is a subdivision X" of X that is flag-no-square and contains L as a full subcomplex.

Proof. By taking a partial barycentric subdivision (adding barycenters to edges and faces in X — L), we
can assume that X is flag and L is a full subcomplex. Since L is full in X, every 2-simplex o of X that is
not entirely contained in L intersects L in at most one edge. Form X’ by replacing each such o with one
of the simplices in Figure 3; use the absolute replacement if o does not contain an edge of L, and use
relative replacement if it does, where the bottom (red) edge of relative replacement is identified with
the edge of L. Since no edges were added with both endpoints in L, the subcomplex L remains full in X".
Suppose C is an induced 4-cycle in X”. Then C is not contained in L since L is flag-no-square. Suppose
that C contains a new vertex in the interior of a 2-simplex o of X. Then at least 3 of the vertices of C
are contained in o. If all vertices of C are in o we are done since each replacement 2-simplex is flag-
no-square and full in X”. Otherwise, by inspection of the picture and since C is induced, C would have
to contain two barycenters of edges of X. Since these are contained in a unique 2-simplex of X, this is
impossible.

Lastly, suppose that C is not contained in L and has no vertices in the interior of a 2-simplex of X. Thus,
C contains a barycenter of an edge of X. Therefore, C viewed as a path in X must be a 3-cycle. Since X
is flag it would span a simplex, which is not contained in L as the edge is subdivided. Since L is full, at
least one of the other 2 edges is not contained in L, and hence is subdivided in X’. Thus, C would not be
a 4-cycle, a contradiction. ]

Lemma 5.3. Suppose that T is a finite, simplicial graph of girth at least 5. Then there is a flag-no-square
triangulation of an orientable closed surface containing I' as an induced subgraph.

Proof. Since T' has girth at least 5, it is flag-no-square as a 1-dimensional simplicial complex. By
Lemma 5.2, it therefore suffices to show that T" can be embedded as a subcomplex of some triangulation
of a closed orientable surface. That any graph embeds into an orientable surface is well-known, for
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example one can start with a general position map of I — S2 and then resolve intersections between
edges by gluing in handles.

That T can be embedded as a subcomplex of some triangulation is also easy, and follows for example
from [1, Corollary 3, p.468], so we will only sketch an argument. If the surface ¥ is chosen to have
minimal genus, then each complementary component of £ —I" is homeomorphic to a 2-disk, so we can
take I'j to be the 1-skeleton of a finite 2-dimensional CW-complex structure on ;. Triangulating each
2-cell finely enough guarantees that the resulting cell complex structure on &; is simplicial. |

Proof of Theorem 5.1. There exist, as in Section 6, finite, connected, simplicial graphs T'; with (n;, m)-
branching for m fixed and 3 < n; - co. Lemma 4.4 and Lemma 4.6 imply I'; is nonplanar with girth
at least 5. Let I, be a flag-no-square triangulated surface containing I'; as an induced subgraph of its
1-skeleton Aj, as in Lemma 5.3. Since T is nonplanar, %; has positive genus.

The right-angled Coxeter group with defining graph A; is hyperbolic with Pontryagin sphere boundary,
by a theorem of Fischer [28] (see also [50, Theorem 2]), and Wr, is a quasi-convex subgroup of W, so

Confdim(aW,,) > Confdim@Wr,) > 1+ 10}503@%, by Theorem 4.8. ||

6 Examples of graphs with (n,m)-branching

In this section we exhibit families of graphs satisfying Definition 4.3, so Theorem 4.8 is not vacuous.
To mesh well with the branching condition, we want graphs with many girth-cycles, which suggests
candidates related to edge-girth-regular graphs [2, 34]. We discuss two abstract families of graphs,
generalized m-gons in Section 6.1, and Levi graphs of transversal designs in Section 6.2. Within these abstract
families there are some concrete, well-known structures, namely the Levi graphs of the finite projective,
affine, and biaffine planes over the finite field Fy. In these subclasses we use the explicit nature of the
constructions to get better branching estimates; in fact, in all three cases we find that the branching
condition is the best possible, in the sense that the graph satisfies (n, m)-branching with n one less than
the minimum valence, and m equal to the girth. The sole exception is the Fano plane, in which n is two
less than the minimum valence.

Many of our examples are Levi graphs of finite incidence structures. Such a structure comes with a set
of points, a set of lines/blocks, and an incidence relation saying which points belong to which lines/blocks.
The Levi graph (or incidence graph) of the incidence structure has a vertex for each point and line/block,
and an edge between two vertices if they are incident. This makes a bipartite simple graph. All of the
incidence systems we consider have the property that there is at most one line/block containing a given
pair of points, so the girth of the Levi graph is at least 6.

We formulate an easy lemma that we use when verifying unions of cycles are induced subgraphs:

Lemma 6.1. If " is a simplicial graph of finite girth g and A and B are g-gons, that is, cycle subgraphs

of length g, with consecutive vertices dg, a1, ..., dg—1 and bg, b1, ... ,bg_1, respectively, such that a; = b;
forO</<kforsome1 <k <g—2and a1 # bryq and ag_1 # bg_1, then the intersection of A and B
is exactly the shared segment P = agg — --- — gy, and AU B is an induced subgraph unless k = 1 and

a; is adjacent to b; for some choice of i and j with {i,j} = (T %7, |25 ).

Proof. It is immediate from the girth restriction that A and B individually are induced subgraphs.
Suppose that for some k < i,j < g we have d(a;, b)) = € € {0,1}. Write A and B as concatenations
A= P+A; 4+ Ay, where g; = Ay N A, and B = P+ By 4 B, where By N B, = b;. Consider the four paths
A1+ B1, Ay + By, Ay + P+ By, and A, + P + By, where overbar denotes the reverse path. Each of these
paths is either closed, if e = 0, or can be closed by adding the single edge from g; to by, if e = 1. This
yields four loops, each of which has length at least g. So, there are four inequalities in terms of /,j, k, g, €
whose only solutionsarek=e=1,i+j=g+1,and|i—j| < 1. |
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6.1 Generalized m-gons

Definition 6.2. A generalized m-gon of order g, for m,q > 2 is a bipartite graph of diameter m and girth
2m such that every vertex has valence at least g + 1.

Proposition 6.3. A generalized m-gon of order g has (n, 2m)-branching, where n = g for m > 3 and
n=1g9+1—-.yqlform=3.

The result is optimal for m > 3, since g is one less than the valence. It is well-known that generalized
3-gons satisfy the axioms of projective planes. In Section 6.1.1 we give optimal bounds for Desarguesian
projective planes. We have not considered non-Desarguesian planes.

Proof. Let " be a generalized m-gon of order q. Since the girth of T equals 2m, every embedded path
of length at most m is a geodesic, and it is the unique geodesic between its endpoints if its length is
strictly less than m. Furthermore, we claim that every embedded path of length at most m + 1 can be
completed to an induced 2m-gon. Indeed, suppose xo, X1, ..., Xj, Xi+1 are consecutive vertices along an
embedded edge path in T for some / < m. If / < m then x;4 cannot be adjacent to x; for j < / without
violating the girth condition, but x;.1 has valence g + 1 > 3, so it has some neighbor that we have
not visited yet. Thus, it is possible to extend the embedded path, and we may assume i > m. Since I'
is bipartite, d(xo, X)) # d(xo,xj41) for all j. While distances to xq increase we are following a geodesic
segment. The diameter condition says this happens for at most m steps, so there is a first indexj < m
at which d(xg, Xj41) < d(xo,%). Then there is a geodesic from x;,1 to xg of length j — 1, so it cannot go
through x; or x;_1. Thus, there is a loop y containing xo, Xj,_1, X;, and x;;1 of length 2j that uses the edge
xi—1 — x; and the edge x; — x;;.1 only once each. Tighten it to an embedded cycle y’, which is possible
since some edges of y are only used once. This contradicts the girth 2m condition unless /= j = m and
y=v

Let u — v be an edge of I', and let uy, ... . ,ug be neighbors of u distinct from each other and v. For any
choice of neighbor v; of v, distinct from v, there exists an induced 2m-gon H4 containing the segment
up—u—v—v.

We proceed by induction. Suppose we have chosen 2m-gons H; containing u; — u — v — v; with v;
distinct for all i < k, such that the H; pairwise intersect in the edge v — v and their union is induced. Let
V11 - Vkg+1—k De neighbors of v distinct from u and the v; for / < k. There are at least ™2 embedded
paths p of length m — 2 starting from u, and not containing u. For each such path and each choice of
vy, there is an embedded path (vy; — v — u — uy) + p of length m + 1, which can be completed to a
2m-gon. This gives at least ¢"~2(q — (k — 1)) potential choices of a 2m-gon Hy containing uy — u — v
and intersecting each H; only inu —v.

We now consider when such a choice of Hy as above yields an induced union Uf-;1 H; by applying
Lemma 6.1. Suppose H; = aq,...,0om—1 With a9 = u and a7 = v for some / < k. Suppose
B = bg,...,bom—1 and C = cq,...,Com—1 are two different choices of Hy with bom_1 = Com_1 = Uy,
bg = ¢cp = uand by = ¢; = v. By Lemma 6.1, to determine if H; U Hy is induced, it suffices to consider
vertices adjacent to either an, or ap,—1. Because the girth of T is 2m, the vertex an, cannot be adjacent to
both byy1 and ¢ 1. Thus, among the choices for Hy there is at most one that is bad because it contains
a vertex adjacent to am. Again, as the girth of I" is 2m, the vertex ag,,41 can be adjacent to both b, and
Cm only if by # 3. So, for each of the g 4- 1 — k choices of vy there is at most one choice of Hy that is
bad because it contains a vertex adjacent to ap,1. Thus, there are at most (g + 1 — k) + 1 bad choices
of Hy such that H; U Hy is not induced. As j varies, this means the number of good choices of H is at
least g™ 2(g— (k—1) — (k—1(@+1—(k—1)).To successfully choose Hy we need this number to be
positive.

Define f(x) := ¢"~2(g—x)—x(g+1—x). When m > 3 the function f is decreasing on the interval [0, g— 1]
and positive at g — 1, so it is possible to make good choices of Hy as long as k — 1 < q — 1. Suppose
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m =3, so that f(x) = x* — (2 + 1)x 4+ g*. Then f is positive on the interval [0,g — /g], SO it is possible
to make good choices of Hy aslongas k — 1 < |g — /g].

The second case in Definition 4.3, finding 2m-gons sharing a segment of length 2 and whose union
is induced, is easy. Consider a segment v — w — v and any neighbors uy,...,uq of u, distinct from
each other and w. Choose neighbors vy, ... vg of v, distinct from each other and w. For each j, the path
ui—u—w—v —v; haslength4 < m+ 1, so it can be completed to a 2m-gon H;. By construction,
u — w — v is a maximal subsegment in the pairwise intersection of the H;, so by Lemma 6.1 it is the
entire intersection and the union of the H; is induced. | |

Remark 6.4. Generalized m-gons have an extensive history. Right-angled Coxeter groups with pre-
sentation graph a finite generalized m-gon have been studied before. Bounds and Xie [4] proved
quasi-isometric rigidity for such groups. We refer to their paper for further reference on the history of
generalized m-gons. In particular, finite, thick (g > 2) generalized m-gons exist only for m € {2,3, 4,6, 8},
and for m > 3 there are conditions on the vertex degree (though examples of arbitrarily high degree
always exist) [26].

The method of proof for the rigidity theorem of Bounds and Xie is to show that such a Coxeter group
has the structure of a Fuchsian building and then apply a rigidity theorem of Xie [51] for such buildings.
Bourdon [5] computed the conformal dimension of the boundary of these buildings, in the constant
order case, to be 1 + lé%g(;‘:), where 1, is the exponential growth rate of the underlying Coxeter group
of the building, which depends only on m and is computable by Floyd and Plotnick's [29] growth series
methods or by Steinberg's formula [48]. Proposition 6.3 and Theorem 4.8 combine to give a coarser,
but elementary, lower bound of (in the m > 3 case) 1 + logl(og%, which, in terms of g, has the correct
logarithmic growth but smaller coefficient depending on m.

6.1.1 Projective planes

In this subsection we consider a special case of generalized 3-gons for which we can get a better branching
estimate than the one provided by Proposition 6.3.

Definition 6.5. Let P, denote the Levi graph for the points and lines of the projective plane over FFg.
These can be parameterized as 1- and 2-dimensional vector subspaces of the vector space V = Fg. The
incidence relation corresponds to containment of vector subspaces.

The space Pq is a 1-dimensional spherical building of type A, as described by Ronan [45, Chapter 1,
Example 4]. An apartment in P4 contains six chambers, each homeomorphic to an edge, that are arranged
In a circuit. In the projective plane over Fq each point is incident to g+ 1 lines and each line contains g +1
points. In particular, Pg is (q + 1)-valent. The girth of Py is exactly 6, since the apartment gives a cycle of
length 6, while our general remark on incidence structures implies the girth is at least 6. The diameter of
Pq is 3, and for every vertex there is some vertex at distance 3 from it, since every vertex is at distance
2 from every other vertex of the same type, but for each line there is a plane not containing it, and vice
versa. Thus Pg is a generalized 3-gon of order q.

Remark 6.6. In addition to Bounds and Xie [4], Schesler and Zaremsky [46] have considered right-
angled Coxeter groups presented by Levi graphs of finite projective planes. They showed that for all
sufficiently large primes p the commutator subgroup of Wp, algebraically fibers with kernel that is
finitely generated but not of type FP5.

The group GL3(IFg) acts on the vector space V preserving dimension and incidence and can thus be
identified with a subgroup of Aut(Py) that preserves vertex type. There is also an involution in Aut(Pg)
that exchanges points and lines, coming from projective duality.
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xi,; = (ie1 + e2, je1 + e3)
u; = (ie1 + e2) vj = (je1 + es)
u = (e1, e2) v = (e1, e3)
w = (e1)

Fig. 4. Hexagon H(i,j) containing segment u — w — v.

w;i p := (ke1 + iez + e3) x5k = (je1 + ez, (k—1ij)e1 + e3)

u; := (e1, tea + e3) vj = (je1 + e2)

u = (e1) v = (e1, €2)

Fig. 5. Hexagon H(i,j, k) containing edge u — v.

Proposition 6.7. The Levi graph P4 of the projective plane over Fq is a finite, simplicial graph with
diameter 3 and girth 6. It has (1, 6)-branching if ¢ = 2 and (g, 6)-branching otherwise.

Proof. We have explained diameter and girth. We will check the conditions of Definition 4.3.

Fix a basis e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1) for V = ]F?r

Suppose P = u— w — v is an induced edge path in Pg. Up to the action of Aut(Py), we may assume
that u = (e1,e), w = {(e1), and v = (e, e3). There are qz—many hexagons containing P, parameterized
by (i.j) € Fg as in Figure 4.

Consider the hexagons H(, i) for i € Fq. Their pairwise intersection is P, and U,E]Fq H(i, i) is an induced
subgraph by Lemma 6.1.

Now suppose u — v is a single edge of Py. Up to the action of Aut(Py) we may assume u =
(e1) and v = (eq,ey). Figure 5 shows distinct hexagons containing this edge, parameterized by
(). k) e Fy.

Suppose that iy # ip and j1 # j>, and consider hexagons of the form H(i1,j1, k1) and H(i2,j2,k2). By
Lemma 6.1, the only possibility for H(i1,j1, k1) U H(i»,j2, k) not to be an induced subgraph is if, in the
notation of Figure 5, the vertex w, x, is adjacent to x;, ;, k, OF W, x, IS adjacent to X;, ., x, . Each of these
possibilities gives a system of linear equations that have solutions exactly when ky = k1 + j1 (i — i1) or
ka = ki +j26i2 = i),

P, is the Heawood graph. For every pair of hexagons in P, sharing a single edge, the union is not an
induced subgraph.

Suppose g > 2. First consider the hexagons H(i,i~",0) fori e 3. This is a collection of g — 1 hexagons
with the correct intersections, and their union is induced, since for any iy # i we havej; = /‘ﬂ #Jr = /’24
are non-zero, while %:M* =0.

Since g # 2 there exists k € Fy \ {—1}. Add the hexagon H(0, 0, k) to our collection. Our conditions imply
that the union is still induced unless k = 0 or there is an / € Fy such that k = —ii~" = =1, both of which
contradict the choice of k. |

Corollary 6.8. Wp, is hyperbolic and 8Wp, is the Menger curve, with conformal dimension bounded
below by a function that goes to infinity with g.

Proof. This follows from Proposition 6.7, Proposition 4.7, and Theorem 4.8, except that for g = 2 the
branching condition is not strong enough to deduce inseparability and nonplanarity. However, P is the
Heawood graph, which is inseparable and nonplanar. |
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6.2 Transversal designs

Definition 6.9. A transversal design TD(t, m) consists of tm-many Points partitioned into t-many Parts
each of size m and a collection of subsets of Points, called Blocks, such that each Block consists of exactly
one Point from each Part and every pair of Points from distinct Parts belongs to exactly one Block. The
Points and Blocks give an incidence structure with respect to containment.

Transversal designs start to get interesting for us when ¢t,m > 3. There do not exist transversal designs
for every choice of parameters t,m, but there are examples known for TD(3,m) (Latin squares) and for
TD(t,q) with t < q + 1, where g is a prime power. See Section 6.2.1 for existence of TD(q + 1,q). The
existence of TD(¢,q) for t < ¢ follows from the equivalence between TD(t,q) and a collection of t — 2
mutually orthogonal Latin squares [3]. It is not hard to show that, for t, m > 1, a necessary condition for
the existence of a TD(¢, m) is given by ¢ < m+1. The parameters ¢, m do not, in general, determine a unique
transversal design nor a unique isomorphism type of Levi graph.

As shown in Proposition 6.10, the Levi graph of a transversal design with {,m > 3 has girth 6 and
diameter 4. Since the girth is not twice the diameter, the Levi graph of TD(t, m) is not a generalized n-gon,
so these yield different examples than the ones in Section 6.1.

Proposition 6.10. For t, m > 3, if there exists a transversal design TD(t, m) then its Levi graph Tem is a
finite, simplicial graph with diameter 4, girth 6, and (max{2, n}, 6)-branching for n := min{t, m} — 2.

Proof. We firstverify the girth and diameter conditions. The diameter of 7; , is at least 4, because Points
from the same Part are not contained in a common Block, so their distance is greater than two, and their
distance is even because the graph is bipartite. The distance between a Point x and a Block Bis 1 ifx € B
and 3 if x ¢ B (in the latter case, a length 3 path from B to x is obtained by stepping from B to a Point
y € Bfrom a different part than x, then to the unique Block containing both x and y, then to x). As every
Pointis 1 away from some Block and vice versa, it follows that the distance between a pair of Points or
a pair of Blocks is at most 4. Thus, the diameter is exactly 4. The girth is at least 6 because it is even, but
it cannot be 4 because there is at most one Block containing any pair of Points. The girth then equals 6
because, as we will see, there are lots of hexagons.

We now verify the branching conditions of Definition 4.3. Suppose the Points are numbered (i, ) for
0<i<t—1and0 <j<m-—1,where the partition is by the value of the first coordinate. Each Point is
contained in m Blocks, and each Block contains t Points, so the valence of each vertex of T; , is at least
min{t, m}>n+1.

First suppose the induced path Pis an edge in 7; m. Up to renumbering, assume it consists of Point (0, 0)
and Block Bp. The argument has separate cases forn <2 and n > 2.

Suppose n < 2. The Block By contains one Point from each Part. Choose any two of its
neighbors different from (0,0). Up to renumbering, assume they are (1,0) and (2,0). The Point
(0,0) belongs to m Blocks. Choose any two of its neighbors different from By, and call them B,
and B;.

Each Block contains one Point from each part. Up to renumbering, we may assume the Point from part
2in By is (2,1), and the Point from part 1in By is (1,1). There is a unique Block B} containing Points
(1,0) and (2, 1), and there is a unique Block B, containing Points (1,1) and (2,0). This gives a pair of
hexagons sharing the base edge as in Figure 6. Their union is induced because B contains Point (1, 0)
from Part 1, so it cannot contain (1, 1), and similarly B, contains (2,0) from Part 2, so it cannot contain
(2,1). This yields the two desired cycles, pictured in Figure 6.

When n > 2 we make different choices. Block By has t-many neighbors, one Point from each of the Parts.
Choose any n < t—1 of them, distinct from each other and from (0, 0), and assume, up to renumbering
that they are (1,0),...,(n,0). The Point (0, 0) belongs to m-many Blocks. Choose any n < m — 1 of them,
distinct from each other and from By, and call them B;,...,Bs. For each 1 < i < n, suppose that Point
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(1,0 (2,0

Bo
B By

(2,1) (1,1)
0,0

B, Bs

Fig. 6. A pair of independent hexagons in 7;, sharing one edge.

(n41,1) B

(n+1,0)

Bp, (n,0)

(n+1,n) B,

Fig. 7. n-many independent hexagons in 7;, whenn > 2.

(n 41,1y is the Point from Part n + 1 contained in B;, and let B; be the unique Block containing (n +1,1)
and (/,0). Let H; be the hexagon with vertex set {(0,0), B, (n + 1,1, B}, (/, 0), By, (0, 0)}, as in Figure 7.

By construction, the pairwise intersection of distinct hexagons from this collection is exactly the edge
{(0,0), Bp}. To see that their union is induced, observe that (n + 1,/) is the only point from part n + 1 in
B}, so there is no edge from (n + 1,)) to B; when / # j. Thus, there exist max{2, n}-many hexagons that
pairwise intersect in the edge {(0, 0), By} and whose union is an induced subgraph.

Now suppose the induced path P has length two. This case is easier: the union is always induced, by
Lemma 6.1, so one only needs to find enough hexagons. This is easy because any choice of 3 Points
from distinct Parts are either contained in a single Block or yield a unique hexagon. So if Pis of the form
Point-Block-Point, then we can assume, up to renumbering, that it is (1,0) — By — (2,0), and that the
Pointin By from Part 3 is (3,0). So Bg does not contain the Points (3, 1),..., (3,m—1), and together with
(1,0) and (2, 0), these form m — 1 > max{2, n} distinct hexagons whose pairwise intersection is P. If the
segmentis of the form Block-Point-Block, we may assume, up to renumbering, thatitis B — (0,0) — By,
and that for 1 </ < m — 1, the points in By and B, from Part i are (i, 1) and (i, 2) respectively. Then for
any choice of fixed-point-free permutation o of {1,...,m — 1} we get m — 1 distinct hexagons pairwise
intersecting in P by considering the triples (0, 0), (i, 1), (o (1), 2). ]

6.2.1 Affine planes
Definition 6.11. The affine plane over Fq consists of points (x,y) for x,y € Fq and lines:

[m, b] for m, b € Fy. (slope m lines)
[oo, a] for a € Fq. (vertical/slope oo lines)

Point (x,y) lies on a vertical line [oo, a] if and only if x = a. Point (x,y) lies on a non-vertical line [m, b] if
and only if y = mx + b. Let Aq be the Levi graph of this incidence structure.

Ag has ¢ points, each contained in (g+1)-many lines, and (¢> +¢) lines, each containing g-many points.

Every pair of distinct points is contained in a common line, but distinct lines with the same slope do not
intersect.
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The affine plane can alternatively be thought of as a sub-incidence structure of the projective plane,
with the points at infinity and the line at infinity removed.

Consider the transversal design whose Points are affine lines, partitioned into Parts by slope, and taking
Blocks to be the affine points. Each affine point lies on exactly one line of each slope, and every two lines
with different slopes intersect in a unique point. So from the affine plane over Fg we get a TD(q + 1, ).
Observe that .Aq is the Levi graph of this transversal design. From Proposition 6.10 we can deduce that .Aq
has (max{2, q — 2}, 6)-branching, but actually we can do better:

Proposition 6.12. Let g > 2 be a prime power. The Levi graph A4 of the affine plane over Fq is a finite,
simplicial graph with diameter 4, girth 6, and (g — 1, 6)-branching.

We skip this proof since Proposition 6.15 is very similar. There is an analogue of Proposition 6.8:

Corollary 6.13. W 4, is hyperbolic. Its boundary is a “tree of graphs” if g = 2. Otherwise, W 4, is the
Menger curve, with conformal dimension bounded below by a function that goes to infinity with q.

Proof. A, is a subdivided K4, which is not inseparable: pairs of essential vertices are cut pairs, so
W 4, has a non-trivial JS] decomposition over 2-ended subgroups and its boundary is a tree of graphs
as in [33]. For g > 2 the result follows from Proposition 6.12, Proposition 4.7, and Theorem 4.8,
except that nonplanarity of Az is not forced by branching. However, Az is the Hesse graph, which is
nonplanar. |

6.2.2 Bidffine planes

Definition 6.14. The biaffine plane over Fq consists of points (x,y) for x,y e Fq and lines [m, b] for
m,b e Fq. Point (x,y) lies on line [m, b] if and only if y = mx + b. Let B, be its Levi graph.

This biaffine plane (This terminology follows [2]. There are other incidence structures called “the
biaffine plane” in the literature.) is the sub-incidence structure obtained by removing the vertical lines
from the affine plane. Any other pair of points is contained in a line. Symmetrically, “parallel” lines [m, b1 ]
and [m, b,] with by # b, have no point in common, but any other pair of lines intersects in a point. Every
vertex of By has valence q.

For any choice of o,y € F; and B, 8 € Fq there is a type-preserving automorphism ¢y,s,,,s of By:

Xy = (@x+ B, yy+90)

i, b > (X, 5 4 b — PV
o o

There is also a type-reversing involution ¢

xY) = [x, =yl
[m,b] — (m,—b)

These are enough automorphisms to show that By is vertex-transitive.

As in the affine case, we can make a transversal design from the biaffine plane by taking the Points to be
the lines of the biaffine plane, partitioned into Parts by slope, and taking the Blocks to be biaffine points.
This yields a TD(q, ). Since this incidence structure is self-dual, there is an equivalent TD(q, q) obtained by
taking the Points to be the affine points, where the partition is by vertical lines, and taking the Blocks to
be the non-vertical lines. However, the explicit structure of the biaffine plane allows us to derive a better
branching condition than direct application of Proposition 6.10.
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iz —wyizg
(zi,mi2i) [Ziléi ; zii;iz]
[:L’i,O] (yi70)

(0,0) [0,0]

Fig. 8. Hexagon H; in B; with base edge (0,0) — [0, 0].

Proposition 6.15. The Levi graph By of the biaffine plane over Fq is a finite, simplicial, vertex-transitive
graph with diameter 4. The graph B, is an octagon. For g > 2, Bq has girth 6 and (g — 1, 6)-branching.

Proof. The graph B, can be checked by explicit construction, so assume q > 2. The automorphism
group of By is transitive on vertices and the stabilizer of (0, 0) is transitive on its neighbors, so it suffices
to suppose that the base edge is (0,0) — [0, 0]. The other neighbors of (0, 0) are [x;, 0] where x; ranges
over the elements of Fy. The other neighbors of [0, 0] are (y;, 0) where y; ranges over the elements of
5. We will assume that the indexing of one of these sets is given, and the other one can be chosen
arbitrarily except for the condition that x;y; # 1, which is possible since g > 2.

For any choice of z; € F§ with z; # y; we can find a hexagon H; as in Figure 8. For our purposes, choose
Zji = x,-‘1 for all i. Then, to see that U1S,-<q Hjis induced, suppose (z;, x;Z)) € [Z/X’_Z)’,/, ;X’fyjf’]. Having chosen
zr=x;"and z =x", this yields:

Xz Xz X; :
1=x7 = iZi Z+ iZi _ _1/ i
Zi=Yi Zi=Yi  Xi —=yi X =Y

Solve for x; to find x; = x;, which is a contradiction.

Checking that there are many hexagons for the case that the base is a segment of length 2 is easy, and,
as in previous cases, we do not need to choose very carefully to avoid the union being non-induced,
since this is a consequence of the girth 6 condition. |

Corollary 6.16. Wg, is hyperbolic. Its boundary is the circle if g = 2. Otherwise, dWg, is the Menger
curve, with conformal dimension bounded below by a function that goes to infinity with g.

Proof. The graph B; is an octagon, so Wpg, is virtually a closed surface group and aWsg, is a circle.
For g > 2 the result follows from Proposition 6.15, Proposition 4.7, and Proposition 4.8, except
that nonplanarity of Bs is not forced by branching. However, Bs is the Pappus graph, which is
nonplanar. |
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